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MOTIVATION

* Leverage more information than just sampled data when
building a surrogate model

y(x)

Fits the true function better

Fits the data better
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LEAST SQUARES REGRESSION

* Ordinary least squares regression
— Chooses regression coefficients based on a set of data points

 Generate a model for response,

~

§(x) = Bo+ Brax + Box? + By exp(x) + ...

* Ordinary least squares regression problem

N
mﬁin > (- j(z:))°
i=1
OR
N :
m}n Z (yi — [Bo + B @i + B2 r? + 33 exp(x;) + .. )

\ Optimization variables
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CONSTRAINED REGRESSION

e What if more information is known of a less exact nature?
— Leverage all information available to the modeler

e Explicit restrictions placed on regressors

— Often times logical bounds on regressors can be found by inspection
and/or analysis

Ex: Physical constants
k = By exp (%) , 1 < 0 — Activation energy, positive

— Relationships between parameters can be found by inspection or
analysis
Ex: Intuitive relationships

H =+ B T™ 4 BoTO + ...

3y — 31 > 0 — Heat capacity, nonegative

P. S. Knopov and A. S. Korkhin. Regression analysis under a priori parameter restrictions. Vol. 54. Springer, 2011.

Carnegie Mellon University 4 1



ADDING EXPLICIT CONSTRAINTS

* Adding in explicit constraints is rather straight forward,

H(T) = By + 1 T 4 BT 4 .

3y — 31 > 0 — Heat capacity, nonegative

N

mﬁin Z (Hi = [Bo+ BL T + BT +..])
i=1

2

st. fBo—1 20
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CONSTRAINED REGRESSION

e What if more information is known of a less exact nature?
— Leverage all information available to the modeler

* Restrictions implied by constraints on dependent variables

— Implied by bounds on dependent variable

Ex:
[A]

0 < [A]; < [A]mex

t

— Implied by constraints on dependent variable
Ex: F.u

Fin

Fout QQ
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ADDING IMPLIED CONSTRAINTS

* Adding in constraints implied by dependent variable bounds
is less straight forward,

Generate a model for y given that 3! <y < y*

§(x) = Bo + B1x + Box® + ...

N

: | | 5
mn Z (yz, — [..f"3(J + B+ Box® + .. D

| i=1
s.t. yl < Bo+ Bix+ JgLQ +.. o <y" Vo

Carnegie Mellon University 7 1



ADDING IMPLIED CONSTRAINTS

* Adding in constraints implied by dependent variable bounds
is less straight forward,

Generate a model for y given that 3! <y < y*

§(x) = Bo + B1x + Box® + ...

N
n%in Z (yL — [;’3’0 + B x4 Box® + .. D

3 .
' =1

st. Yy < Bo+ Bt Port . <yt

Semi-infinite
programming

2
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ADDING IMPLIED CONSTRAINTS

* Adding in constraints implied by dependent variable bounds
is less straight forward,

Generate a model for y given that 3! <y < y*

§(x) = Bo + B1x + Box® + ...

N

mﬁin Z (vi — [Bo + b1z + Poz? +---])2
i—1

s.t. < Bo + 51 x; +ng?+... <y
Vs € Bounding set
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IMPLEMENTATION

Generate a model for y given that y' <y < y*

§(x) = Bo + B1x + Box® + ...

( Start )

Build surrogate model

\ 4

¥
Add zviol Search for violation:
to the bounding set 2ol st g(aviol) ¢ [y, 4]

yes

Does some
2Viol axist?

CEnd)
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ILLUSTRATIVE EXAMPLE

e Build an initial model

ERROR

Model vs. Data

L

Model vs. Reality

L
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ILLUSTRATIVE EXAMPLE

e Build an initial model

* Locate areas that violate output bounds

ERROR

Model vs. Data

L

Model vs. Reality

O Data points
@ Bounding points
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ILLUSTRATIVE EXAMPLE

* Rebuild the model ensuring the output is within bounds at
the bounding points

ERROR

Model vs. Data

1

Model vs. Reality

I

O Data points
@ Bounding points
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NON STATIONARITY

Error
objective /
§

Error
objective
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ILLUSTRATIVE EXAMPLE

* Rebuild the model ensuring the output is within bounds at
the bounding points

e Search for additional violation points
ERROR

Model vs. Data

1

Model vs. Reality

I

O Data points
@ Bounding points
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ILLUSTRATIVE EXAMPLE

* Rebuild the model ensuring the output is within bounds at
the bounding points

* Ensure that no violation points remain
ERROR

Model vs. Data

ul

Model vs. Reality

.

(o

O Data points
@ Bounding points
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IMPLEMENTATION

Generate a model for y given that y' <y < y*

§(x) = Bo + B1x + Box® + ...

( Start )

Build surrogate model

\ 4

¥
Add zviol Search for violation:
to the bounding set 2ol st g(aviol) ¢ [y, 4]

yes

Does some
2Viol axist?

CEnd)
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TESTING PLATFORM

 We will test this implementation on an existing software:
ALAMO

e ALAMO (Automated Learning of Algebraic Models for
Optimization)
— Iteratively sample and model black box systems as algebraic model
that

Accurate
We want to reflect the true nature of the simulation

Simple
Low-complexity models

; - |
f(m):;'?/iexp(gz +Bo+Brx+...
}Z () =Prx+ Bo 22 + By a3 4 Bye”

Generated from a minimal data set
Reduce experimental and simulation requirements

Carnegie Mellon University



ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling

\ 4

[ Build surrogate )

\ 4

\ model )
Update Adaptive
training data :
s | sampling |

A

false

\ Black-box function
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling

\ 4

[ Build surrogate )

\ 4

\ model )
Update Adaptive
training data :
s | sampling |

A

false

Training data
Black-box function
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling

\ 4

( Build surrogate )

\ 4

L model )
Update Adaptive
training data :
s | sampling |

A

false

Current model
Training data
Black-box function
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling q /

\ 4

( Build surrogate )
model

\ y
|

\ 4

Determining the unknown functional form

Step 1: Define a Iarge set of potentlal basis functions

-y

T
2(w1) A 30 W B +(3zmzn+ Baw1xa + Byt +13r 1+ fge™ %46’76’2‘ +.
-. ~--, €z 2 \~ ‘};y ~‘_’/
....... .,.. ‘F ““
...... .... RS ““‘
Step 2: Model reduction ‘ # PR
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start ) Using the new method, we
! guarantee that the model
. : does not violate output
Initial sampling _
. ) variable bounds

A

y

( Build surrogate )

L model ) ‘ 5
1

Determining the unknown functional form

\ 4

Step 1: Define a Iarge set of potentlal basis functions

T
2(x1) A 9[] ) in B +(«32$2l+ Bsxixe + 34— -|-'3r 1+ fee™! %4376““ .
-. ~--, €z 2 \\ ‘};y ~‘_'/
tee e, ..". 00' ““‘
'.... '.,. G “¢‘
Step 2: Model reductlon ‘ # PR
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling

\ 4

( Build surrogate )

\ 4

L model )
Update Adaptive
training data :
s | sampling |

A

false

Current model
Training data
Black-box function
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling

\ 4

[ Build surrogate )

\ 4

\ model )
Update Adaptive
training data .
s | sampling |

A

false

Current model
Training data
Black-box function
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )
Initial sampling I /
:r Build surrogate )
\ model )
Sppeklie Adaptive
training data :
s | sampling |

A

false

Training data
Black-box function
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ALAMO

Automated Learning of Algebraic Models for Optimization

(  Start )

A\ 4

Initial sampling

\ 4

( Build surrogate )

\ 4

L model )
Update Adaptive
training data :
s | sampling |

A

false

New model
Training data
Black-box function
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SMALL EXMAPLE — CARBON CAPTURE

Outlet gas Solid feed

~~——_
__>
Cooling E | Lbed
water
—T 7
I 1 TCOQ
CO, rich gas CO, rich solid outlet

e Dependent variable and range

— Fraction of CO2 remove from the gas stream

.;,,(3(_)2 (th?d? F(f\v) _ fl(L[-)(}(-]’ F(r\v) 0.10 < T,COQ <0.4

* Independent variable and range
Ilm <LPY <10m
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COMPARISON - ITER 1

Model comparison

0.5

0.45F _

0.4 ]

0.35
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______
s
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-
-
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R
’

0.3f
C O 2 oast /,x‘ T
027 -

0.15F _

0.1

0.051 1

Lbed

- ALAMO
- Constrained ALAMO
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COMPARISON - ITER 1

Model comparison The constrained ALAMO

/ model is able to stay
//> within the bounds

———
_____
______
s
-~
.-
-
-
-
-
-
.
R
’

0.3F
COs | o
I"

Lbed

- ALAMO
- Constrained ALAMO
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COMPARISON - ITER 2

Mean
5 0.1 ] «<O-ALAMO
. = <0-Con ALAMO
Model comparison o
(7))
05 L | toll
0.45F . 8 0.01 - %\f
N ]
0.4 C_U
e
0.35F B
031 = 0.001
rCO2 | B 3 5 7
Sample points
0.2
0.15f i
. Maximum
0051 i = 1 1 <-ALAMO
0 L 8 1 «<=Con ALAMO
1 2 3 4 5 6 7 8 9 10 E ]
% |
\ b
[ bed L
S :
g tol2
— ALAMO z so1
- Constrained ALAMO 1 3 5 7

Sample points
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COMPARISON - ITER 3

Mean
0.1 -
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o Maximum
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COMPARISON - ITER 4
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COMPARISON - ITER 4

Mean
0.1
5 ] «O-ALAMO
t «<O=Con ALAMO
Model comparison bt —
0.5 § | toll
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2 ,
£ \
O
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CONCLUSIONS

e Constrained optimization provides a new avenue to provide
a model with a priori information

— Include more information in your model without additional sampling

— Reduced the sampling required for an accurate model

 Ensure a more robust model by using output bounds as a
“reality” check on the model

* Future work,
— More complex solution manifolds
Nonlinear constraints on regressors
Nonlinear feasible domain for output variables

— Simultaneous model generation and constraints

Restrictions implied by constraints on multiple outputs
Ex: Sum-to-one constraints
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STANDARD BASIS FUNCTION SELECTION

Find the model with the
least error
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BASIS FUNCTION SELECTION

Carnegie Mellon University

We will solve this model for increasing T
until we determine a model /




BASIS FUNCTION SELECTION

N
1=1 '

JEB
S.t. Zy] =

JjEB
N
—U(l—yj)SZX” ZE_Z@?X%J < U(1—yj) jeB
1=1 JEB
Blyj < Bj < 6uyj S B
y; = 10,1} jeB
4 )
yi =1 y;i =0

Basis function used in the model \/ Basis function NOT used
B; is chosen to satisfy a least in the model
squares regression
aQ o - o . —
(assumes loose bounds on f3;) B; =0 j
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